DIRECT DECOMPOSITIONS

BY
REINHOLD BAER

Introduction. The theorem of Wedderburn and Remak asserting the iso-
morphy of indecomposable direct decompositions of finite groups has been
extended by Krull and O. Schmidt to all operator groups satisfying the double
chain condition for admissible subgroups. If the hypotheses imposed upon the
operator group do not assure the existence of decompositions into indecom-
posable direct summands, then one can only try to prove a refinement theo-
rem asserting the existence of isomorphic refinements to any two given direct
decompositions; Kofinek has proved such a refinement theorem for all oper-
ator groups meeting the requirement that the descending chain condition be
satisfied by all of the subgroups, whether admissible or not, of the operator
center. Clearly Schmidt’s and Kofinek’s theorems are independent of each
other in the sense that neither is a consequence of the other one.

It is the principal objective of the present investigation to obtain a re-
finement theorem of such a generality that in particular the theorems of
O. Schmidt and Kofinek and their recent generalizations by Kurosh are
special cases of it. However, one ought to remember the limitations as to the
generality that is attainable. For there exist ordinary abelian groups possess-
ing direct decompositions without isomorphic refinements (Baer [1](})).
Krull [2] has given an example of an abelian operator group satisfying the
ascending chain condition for admissible subgroups, but possessing non iso-
morphic indecomposable direct decompositions. Kurosh [3] has constructed
a very elegant example of a (not commutative) group satisfying the ascending
chain condition for all its subgroups, though possessing non isomorphic direct
decompositions into two indecomposable direct summands.

It has long been noticed that the difficulties encountered when studying
direct decompositions have their source in properties of the center. For in-
stance, it is quite easy to prove that direct decompositions of groups without
a center possess common, not only isomorphic refinements(?). Finally
Kurosh and Kofinek showed that it suffices to impose conditions on the
center in order to obtain a refinement theorem. Thus every investigation of
the refinement theorems will have to concern itself quite fundamentally with
the center.

The methods used in investigations of the refinement theorems may be
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(*) Numbers in brackets refer to the bibliography at the end of the paper.

() See, for example, Zassenhaus [1, p. 82].
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divided broadly into two classes. There is firstly Fitting’s method which is
based on the observation that direct decompositions are defined by their
decomposition endomorphisms and which works fundamentally with prod-
ucts of these decomposition endomorphisms. Jacobson’s presentation of the
decomposition theorems, for instance, gives a very clear and convincing ac-
count of Fitting’s method. It was Ko¥inek's discovery mainly which showed
that we need not consider all these endomorphisms, but only those which
map the group into part of its center. Secondly one may attempt to work
within the partially ordered set of the normal and admissible subgroups. This
has been done systematically by Ore [1] and partly also by Kurosh [2, 3].
The basis for this approach is the observation that it is possible to define
isomorphy of direct decompositions in terms of an exchange property of which
their (center) isomorphy is a trivial consequence. The difficulties that seem,
at least at present, to stand in the way of using this method may be indicated
shortly: isomorphy of direct decompositions in the sense of the exchange
property is a much deeper proposition than ordinary isomorphy; witness the
free abelian groups of rank 2 which possess direct decompositions into cyclic
direct summands that are not exchange isomorphic. More difficult still is the
fact that the center of a group cannot be characterized in terms of the par-
tially ordered set of subgroups—after all there exist abelian groups that have
essentially the same system ‘of subgroups as certain nonabelian groups. Thus
it appears natural to use a “mixed method”: most of our hypotheses, conten-
tions and many of our arguments deal with the system of subgroups only;
but there are some proofs where essential use has been made of the elements,
their addition and subtraction.

When studying the various proofs of decomposition theorems, one notices
that the hypotheses imposed upon the operator group are mainly used to
prove what we have termed elsewhere(3) ‘splitting criteria for endomor-
phisms. Thus it seems only natural to base our discussion on the hypothesis
that certain rather special endomorphisms split; in this fashion we obtain
a very comprehensive refinement theorem—as a matter of fact, it does not
seem impossible to obtain necessary and sufficient conditions for the validity
of a refinement theorem by proceeding far enough in this direction—and by
applying the splitting criteria that we obtained elsewhere it may be shown
how great a range this theorem has.

§8§1 to 4 are devoted to preparations, some of which may be of independ-
ent interest. In §5 we prove first a very sharp refinement theorem for de-
compositions into two direct summands; and from this special refinement
theorem the general refinement theorem is deduced by arguments that deal
with the system of subgroups only. In §6 groups without abelian direct sum-
mands are treated ; they have rather interesting special properties; in particu-

() Baer [4].



64 REINHOLD BAER [July

lar it is possible to determine the refinements uniquely by the original de-
compositions. In §7 we discuss direct decompositions into summands that
are either abelian and indecomposable or else they do not possess abelian
direct summands, not 0. They have the important property that center iso-
morphy implies exchange isomorphy and that the exchange property may be
proved in a strict form. In §8 we give finally the applications of the splitting
criteria to the general refinement theorem.

As is natural in an investigation that concerns itself mainly with the endo-
morphisms of groups, no real use is made of the associative law. Thus we
develop the whole theory immediately for loops(4). This does not involve any
noticeable extra work, partly for the reason given, partly because the principal
difficulties stem from the center and the center is an abelian group(5).

1. Fundamental concepts and notations. In this section we collect for
ready reference a number of concepts and results established elsewhere.

Throughout we are going to consider a loop L admitting a certain system
M of operators. Thus there exists the sum x4y of any elements x, y in L
and the product mx of every m in M and x in L. These compositions meet the
usual requirements; see, for example, Baer [3, 4, 5]. As usual we term the
subloop S of L admissible or an M-subloop, if M.S<S. (The reader will notice
that the definition of admissibility is almost the only use made of the opera-
tors.)

The center of L consists of all those elements in L which commute with
every element in L and which associate with every pair of elements in L.
The center is a commutative subgroup of L, but in general it is not admissible.
Thus we consider, following Kotinek [1], the M-center Zy(L) of L which is
the uniquely determined greatest M-subgroup of the center of L; see Baer [5].

An M-homomorphism of L is a single-valued mapping 5 of L into some
M-loop, meeting the requirements:

(x4 y)n = 2n+ yn and m(an) = (mx)y

for x, yin L and m in M. The system K(n) of all the elements in L which are
mapped upon 0 by 7 is termed the kernel of n. The kernels form a special class
of M-subloops of L, called normal M-subloops; for an intrinsic characteriza-
tion of normal subloops see Albert [1], Smiley [1]. It should be noted that
every M-subloop of the center is normal.

An M-homomorphism effects a 1:1 mapping if, and only if, its kernel is 0;
in this case we speak of an M-isomorphism.

(4) Jénsson and Tarski [1] have undertaken a generalization in this direction which goes
far beyond operator loops. Our results, however, are not special cases of theirs.

(5) This investigation had originally been planned as a joint enterprise with Professor A. A.
Albert. The pressure of war work, however, forced Professor Albert to withdraw. The author
gratefully acknowledges the stimulation these original discussions have given to him; see
furthermore footnote (9) below. The author is very much indebted to Professors Bruck and Good
for their careful reading of a draft of this paper and for their helpful suggestions and criticisms.
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The M-homomorphism 7 of L is termed an M-endomorphism of L if Ly <L.
The powers 7* for 0 <z of an M-endomorphism 7 are M-endomorphisms too;
thus we may form the ascending chain K (%) of normal M-subloops of L.
Their compositum (join) R(n) is termed the radical of 7. It is a normal M-sub-
loop of L with these properties:

x is in R(9) if, and only if, there exists an integer 7 =%(x) such that x9'=0;

x is in R(n) if, and only if, x9 is in R(y);

7 induces an M-endomorphism in R(n) and an M-isomorphism in L/R().
For elementary properties of the radical see Baer [4].

An M-subloop C of L is termed a complement of the M-endomorphism n
if every coset of L/R(n) contains one and only one element in C, and if C= C.
Thus 7 induces an M-automorphism in C which is essentially the same as the
one induced by # in L/R(7n), and C and L/R(n) are essentially the same
M-loops. If there exists a complement of 7, then 5 splits L or is a splitting
M-endomorphism of L; for splitting criteria see Baer [4].

Trivially splitting M-endomorphisms are the M-automorphisms whose
radical is 0 and whose complement is L and the nil endomorphisms whose
radical is L and whose complement is 0.

The M-endomorphism 7 of L is a centralizing endomorphism, if Ly = Zy(L).
These enjoy a number of convenient properties.

(a) The set 0x(L) of all the centralizing M-endomorphisms of L is a ring
with respect to the operations of addition and multiplication defined in the
usual fashion; for properties of this ring see Baer [5].

(b) If 5 is a centralizing nil endomorphism of L, then 147 is an automor-
phism of L. For a simple proof see Baer [5].

(c) If C is a complement of the centralizing M-endomorphism 7 of L,
then C=Cn=Ln=Zu(L). Thus C is a commutative group and a normal
M-subloop of L. Anticipating a concept introduced in the next section, this
implies that

L =C & R(n).

Loops will be called abelzan whenever they are commutative and associa-
tive, that is, whenever they are commutative groups.

2. Direct decompositions and decomposition endomorphisms. The M-loop
L is the direct sum(®) of A and B, in symbols: L=A4 ®B, if A and B are nor-
mal M-subloops of L whose cross cut is 0 and whose sum is L. Then every
element in A commutes with every element in B and associates with every
pair of elements in B. The M-loop L is therefore the direct sum of its normal
M-subloops 4 and B if, and only if, every element in L may be represented in
one and only one way in the form a+b=>b+a for a in 4 and b in B.

If L=A @B, then there exist uniquely determined M-endomorphisms o

(%) See Albert [1] for fundamental properties of direct-sums of loops.
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and B of L such that x =xa and 0=x8 for x in 4, 0=ya, y=90 for y in B.
These endomorphisms satisfy(?)

(1) o’ = aq, B* =B, af = Ba = 0, at+B=B+a=1
If conversely the M-endomorphisms e, (8 satisfy the conditions (1), then
2) L=La® LB, K(a) = LB, K@) = La.

Thus we shall term any pair «, 8 of M-endomorphisms, satisfying (1), a pair
of complementary decomposition endomorphisms; any member of a pair of com-
plementary decomposition endomorphisms shall be called a decomposition
endomorphism. We note in passing the useful fact that a centralizing M-endo-
morphism is a decomposition endomorphism if, and only if, it is idempotent.

The M-loop L is the direct sum of S(1), - -+, S(n), in symbols: L =S5(1)
® - &S(n), if L is, for every 1, the direct sum of S(7) and of the com-
positum of the S(j) for 754. Then it is possible again to represent every ele-
ment in L in one and, apart from the order of summands, only one way in
the form s(1)+4 - + - +s(n) for s(z) in S(z).

If L=S(1)® - - - &S(n), then the compositum of S(1), - - -, S(%) is a
normal M-subloop of L, a direct summand of L, and is the direct sum of
S(1), + - -, S(#). Direct sums of direct sums are direct sums, in particular

SMe---oSm=[SM®---dSHOH]S[SC+1D S - &S],
and a number of similar formulas.

If L=S1)® - - - ®&S(n), then denote by ¢(z), 0’(¢) the pair of comple-
mentary decomposition endomorphisms of L satisfying

Lo(i) = SU@), Ld(x) =SQ) @ ---dSE—1)®SE+1) D & Sn).
Then ¢'(2) =0(1)+ - - - +0(t—1)+o(G+1)+ - - - +0a(n) and
3) ()2 = o(d), o(¥)e(j) =0 fori=j,e(1) + -+ 4+ o(n) = 1.

The remainder of this section is devoted to the derivation of a number of
simple and often used properties of products of decomposition endomorphisms.

LeEMMA 1. Decomposition endomorphisms of the M-loop L map center ele-
ments upon center elements and normal M-subloops of L upon normal M-sub-
loops of L.

Proof. If 6 is a decomposition endomorphism of L, then L=L§® K(9),
and 6 maps every center element of L upon a center element of L§, every
normal M-subloop of L upon a normal M-subloop of L§. But center elements
of L§ are center elements of L and normal M-subloops of Lé are normal
M-subloops of L, as we claimed.

(") The sum of the mappings « and g is, as usual, defined by the rule: x(a-+8) =xa-+x8 for
every x.
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COROLLARY 1. Products of decomposition endomorphisms map center ele-
ments upon center elements and normal admaissible subloops upon normal ad-
missible subloops.

This is an immediate consequence of Lemma 1.

LeMMA 2. If g, 7 is a pair of complementary decomposition endbmorphisms
of the M-loop L, and if v, 1, « are products of decomposition endomorphisms
of L, then yontk is a centralizing endomorphism of L.

Proof. If ¢, 6 is a pair of complementary decomposition endomorphisms
of L, and if x and y are elements in L such that xd=y6 and xe=1ye, then x=1.
Hence we shall refer to x6 and xe as to the §- and e-components of x.

Assume now that o, 7 and «, § are pairs of complementary decomposition
endomorphisms of L. We want to show that every zoar for z in L is a center
element of L.

Consider an element x in L. Then we prove:

1) 20 + %17 = %1 + 2o

This is true, since 2o is the o-component and x7 the 7-component of both
sides of equation (1).
2) goa + %1 = %1 + Z0CL

Both sides of (2) have the 8-component x783; and they have the same
a-component, since it follows from (1) that

(z0a + x7)a = z0a + xra = (30 + x7)a = (217 + 20)
= xra + zoa = (21 + z0a)a.
3) zoar + x = x + zoar.
Both sides of (3) have the g-component xo; and their 7-components are
equal since, by (2), (zoar + )7 = zear + 27 = (zoa + z7)7 = (27 + zoa)r

= %7 + 20ar = (x + zoar)T.
Consider elements x, vy in L. Then we prove

@ ze + (x7 + y7) = (20 + 1) + y7.
Both sides have the o-component zo and the r-component x7+yr.
(5) zoa + (27 + y7) = (z0a + x7) + y71.

Both sides of (5) have the B-component (x+v)78, and their a-components
are equal, since it follows from (4) that

[zoa + (27 + y7)]a = [20 + (27 + y7)]a = [(@o + #7) + y7]a
= [(goa + 27) + yr]a.
(6) goar + (x + y) = (zoar + x) + 9.
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Both sides of (6) have the o-component (x+7¥)s, and their r7-components
are equal, since we infer from (5) that

[zoar + (x + ) ]r = z0ar + (x + y)7 = [z0a + (27 + y7)]7
= [(zoa + x7) + yr]r = (zoar + xr) + yr
[@oar + x) + y]r.

The other formulas assuring that zear associates with every pair of ele-
ments x, ¥ in L are proven in a fashion similar to the proof of (6). (3) assures
that zoar commutes with every element in L, and thus it follows that zear
is a center element of L.

We may now make the induction hypothesis that zgv7 is a center element
of L whenever » is the product of less than # decomposition endomorphisms.
If & is a decomposition endomorphism, then

20V = 2ovadr + ZovrdT.

It is a consequence of the induction hypothesis that zo»r is a center element,
and it follows from what we showed in the first part of the proof that (zov)odr
is a center element. We infer from Corollary 1 that (zo»7)dr is a center ele-
ment, and thus zovd7 is a center element as a sum of center elements. This
completes the induction proof of the fact that zo97 is a center element when-
ever g, 7 is a pair of complementary decomposition endomorphisms and 7 is
a product of decomposition endomorphisms.

Now it follows from Corollary 1 that Lyonrx is an M-subloop of L which
consists of center elements only; yon7k is therefore a centralizing endomor-
phism of L.

Remark on Fitting's concept of normal endomorphisms. Fitting(®) has in-
troduced into the theory of associative groups a concept of normal endomor-
phism whose place will be taken in the present investigation by the class of
centralizing endomorphisms characterized in Lemma 2 (see [4, splitting hy-
pothesis]). The following remarks will indicate the relations between these
concepts.

(1) According to Fitting's definition the following three classes are sub-
classes of the class of normal endomorphisms: the products of decomposition
endomorphisms; the centralizing endomorphisms; the endomorphisms of the
form 1—9 for 7 a centralizing endomorphism. It is evident that the endo-
morphisms discussed in Lemma 2 form a common subclass of the first two
of these classes so that this class is certainly much smaller than the class of
normal endomorphisms.

(2) Fitting’s definition of normal endomorphism involves the concept of
inner automorphism. But it seems to be just this concept which provides most
of the difficulties when attempting the step from group theory to loop theory.

(¥) Fitting [1, p. 19].
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Thus it is not quite obvious how to define for loops the exact equivalent of
the normal endomorphisms in the sense of Fitting(?®).

(3) Even the definition of normal endomorphism as a centralizing endo-
morphism which is a product of decomposition endomorphisms does not seem
satisfactory, though this too would be a proper subclass of the class of normal
endomorphisms in the sense of Fitting. For the endomorphisms, discussed in
Lemma 2, are completely characterized by properties of the system of M-sub-
loops of L. But the M-center, and hence the concept of centralizing endomor-
phism, cannot be defined in terms of this system, since it is well known that
abelian groups and nonabelian groups may have essentially the same system
of subgroups.

DEFINITION. If A and B are M-subloops of the M-loop L, if p is an M-iso-
morphism of A upon B such that x=xp modulo Zy(L) and such that p and p*
are induced by products of decomposition endomorphisms of L, then p is a center
isomorphism, and A and B are center isomorphic M-subloops of L.

This definition is narrower than the one usually adopted, insofar as we
require that both p and p~! are induced by products of decomposition endo-
morphisms. It should be noted that a “center isomorphism” need not be a
“centralizing endomorphism,” though there will be little danger of actual con-
fusion of these two concepts.

COROLLARY 2. If 0, 0’ and 7, 7/ are pairs of complementary decomposition
endomorphisms of the M-loop L such that Lo’ =Lt’, then T induces a center
isomorphism of Lo upon Lt such that

xr = & + xore’ for x in Lo.

Proof. From L7’ =Lo’0 =0 we infer 7’0 =0; 6’7 =0 is shown likewise. If x
is an element in Lo, then

xr = %10 + x7d’ = (%70 + 27'0) + %10’ = %06 + %16’ = x + %2070,
since ¥ =x0; and likewise we prove for ¥ in Lt that
yo = vy + yror'.

If xisin Le, then x70 =x0+x0706'0c =x;and if y is in L7, then yor =yr+yror'r
=y. This implies that 7 and ¢ induce reciprocal isomorphisms between Lo
and L7; and these are center isomorphisms, since or¢’ and 707’ are, by Lemma
2, centralizing endomorphisms.

3. Elementary exchange properties. The following simple proposition will
be used continuously.

LeEMMA 1. If the M-loop L=A @B, and if the M-subloop S contains A, then
S=4®(SNB).

(®) A. A. Albert is in possession of a theory of a class of endomorphisms which is the exact
analogue of the normal endomorphisms in the sense of Fitting.



70 REINHOLD BAER [July

The simple proof may be left to the reader.

LeEmMA 2. If the M-loop L=D®A(1)® - - - ®A(n)=DDB, then:

(a) B(s)=[D®A®)]N\B is a normal M-subloop of L which is center iso-
morphicto A(7);

(b) DOA()=D®B®);

(c) B=B(1)® - - - ®B(n).

Proof. (b) is.an immediate consequence from Lemma 1 and (a) is readily
deduced from (b) and §2, Corollary 2.

Denote by B’ the compositum of the B(z). This is clearly a normal M-sub-
loop of L which is part of B so that in particular DN\B’ =0. It follows from
(b) that the compositum of D and B’ is the same as the compositum of D and
the A(2); and thus we have shown that L=D®B’. From L=D®B, B'<B,
and Lemma 1 we infer that B=B’; and thus we have shown that B is the
compositum of the B(z).

Denote by B’(¢) the compositum of the B(j) for j#4. Then

B(@H)NBG) = [De BO]N[De BH]NB =0,
since it follows from (b) that
DOBH)=DOA1) D - - QA(E—-1) D AG) @ - - - © A(n),
D@ B(i) =D @ A(4)

so that the cross cut of these two loops is just D. This completes the proof
of (c).

LemMA 3. If «, B and p, o are pairs of complementary decomposition endo-
morphisms of the M-loop L, and if apco induces an automorphism in Lo, then
L=Lap®LB.

Proof. It is a consequence of §2, Corollary 1 that Lap is a normal M-sub-
loop of L, since the decomposition endomorphism p maps the normal subloop
Lo upon a normal subloop.

If x belongs to the cross cut of Lap and L@, then there exists an element y
such that y =ya and x =yap. Since x is in LB, we have 0 =xa =yapa. But apa
induces an automorphism in Le and vy is in L. Hence y =0; this implies x =0
and therefore LapMLB=0.

If x is an element in L, then x =xa and there exists an element y in Lo
such that x =yapa. Then yap =yapa+yapB=x-+yapB. Since yap is in Lap
and yapB is in LB, it follows that x is in the compositum Lap@®LB. Thus we
have shown that La < Lap® LB, proving L=Lap®Lp.

COROLLARY 1. The following properties of the pairs of complementary decom-
position endomorphisms o, 3 and p, o of the M-loop L imply each other.
(i) L=Lp®LB=La®Le.
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(i1) An automorphism s induced by apo in Lo and by pap in Lp.
(iii) An automorphism is induced by BoB in LB and by oo in Le.

Proof. Clearly it suffices to prove the equivalence of the properties (i)
and (ii). If (ii) is valid, then we infer from Lemma 3 that L=Lap®LB
=Lpa®Lo. Furthermore Lap <Lp=Lp(pap) <Lap or Lp=Lap; hence Lpa
=Lapa=La(apa)=La. Thus (i) is a consequence of (ii). Assume finally the
validity of (i). Then it follows from §2, Corollary 2 that « induces an isomor-
phism of Lp upon La and that p induces an isomorphism of La upon Lp;
(ii) is an immediate consequence of these facts.

LeMMA 4. If «, B is a pair of complementary decomposition endomorphisms
of the M-loop L, and if the decomposition endomorphism p of L satisfies Lp =< Le,
LB=K(p), then p=pa=ap.

Proof. It is a consequence of the second hypothesis that « leaves invariant
every element in Lp, proving pa=p; it is a consequence of the last hypothesis
that Bp =0 so that p=ap+Bp=ap.

COROLLARY 2. If a, 8 and &, € are pairs of complementary decomposition
endomorphisms of the M-loop L, if La=U® V, and if ada induces an automor-
phism in U, then L=Ud® VO LS.

Proof. Since L=La®LB=U®(VDLE), there exist complementary de-
composition endomorphisms p, ¢ such that Lp=U, Lo =V ®LB. It follows
from Lemma 4 that p=pa=ap. If x is an element in U, then xada belongs
to U and thus both x and xada are left invariant by p. Hence xada =xpadap
=xpdp so that ada and pdp induce the same automorphism in U. Hence we
may deduce from Lemma 3 that

L=Lp®Lo=UsDdV D LB,

as we claimed.

4. The splitting hypothesis. The M-loops whose direct decomposition we
are going to study will be required to satisfy the following fundamental con-
dition.

SPLITTING HYPOTHESIS. If 6, € is a pair of complementary decomposition
endomorphisms of the M-loop L, and if o is a decomposition endomorphism of L,
then the endomorphism adqeo of L possesses one and only complement.

It is a consequence of §2, Lemma 2, that adaea is a centralizing endomor-
phism of L. The uniquely determined complement C of a:daea is therefore part
of the M-center of L, and we have L=C@® R(adaea). At the same time C is
part of La; thus C is an abelian direct summand of L and La.

The criteria for the validity of the splitting hypothesis will be discussed
in §8.
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LeEMMA 1. If the splitting hypothesis is satisfied by the M-loop L, then it is
satisfied by every direct summand of L.

Proof. Suppose that L=U@® V, that §, € is a pair of complementary de-
composition endomorphisms of U, and that o« is a decomposition endo-
morphism of U. Then there exist uniquely determined decomposition
endomorphisms o', 8’ of L which coincide with a and § respectively on U
and which both map V upon 0; and there exists a uniquely determined de-
composition endomorphism €’ of L which coincides with € on U and which
leaves invariant every element in V. Then &', ¢ are complementary de-
composition endomorphisms of L, a'é’a’e’a’ and adaea coincide on U and
a’d’a’e’a’ maps L into U. Thus complements of a’é’a’e’a’ are part of U,
proving that adaea and o’é’a’e’a’ have the same complements. It follows
from the splitting hypothesis that a’d’a’e’a’ possesses one and only one com-
plement. Hence adaea possesses one and only one complement, as we claimed.

The proof of the main consequence of the splitting hypothesis we precede
by the proof of the following proposition which holds independently of the
splitting hypothesis.

LeEmMMA 2. If p and o are M-endomorphisms of the M-loop L such that
x =xp-+xo for every x in L, then(1°):

(i) po=o0p;

(ii) R(po) =R(p) ®R(0);

(iii) An automorphism is induced by p in R(c) and by o in R(p).

Proof. If x is an element in L, then
202 + x0p = (xp + x20)p = xp = xp% + xps or 2xop = %xpo,

proving (i). Next we are going to prove:

(iv) R(p)o=R(p) and R(c)p=R(0).

If x is an element in R(p), then there exists an integer ¢=1(x) such that
xp*=0. Hence it follows from (i) that xopi=xpic =0. Consequently R(p)c
= R(p). Suppose conversely that x is in R(p). Then xp*=0 is clearly in R(p)o.
Assume that we have already shown that xp? for 0 <j=<<is in R(p)o. Then

xpi~t = (2p71)p + (xp™ Vo = xp? + xp’ 0.

The first of these terms is in R(p)o because of the induction hypothesis; the
second term is in R(p)o, since xpi~! is in R(p). Hence xpi! is in R(p)o; it
now follows by complete induction that x itself is in R(p)s. Consequently
R(p)e=R(p); R(c)p=R(s) is shown likewise.

If x is in the cross cut of R(p) and R(c), then there exists a smallest not
negative integer 7 such that xp=x0%=0. If x were different from 0, then

(19) This theorem may be considered as a generalization of such propositions as Fitting
[1, p. 19, Hilfssatz 4] and Jacobson [1, p. 11, lemma].
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0<%, and we could infer that
xp=t = (xp"N)p + (%p"N)o = xp*l0;

from this equation and from (i) we would infer that xp*'=xp*lg¢=x0pé!
=0.-Since xo"!=0 could be shown likewise, we have arrived at a contradic-
tion, proving x=0, or:

(v) R(p)NR(c)=0.

Since R(p) and R(o) are both normal subloops of L, it follows from (v)
that their compositum is their direct sum R(p) ® R(0).

If x is in R(p), then xp*=0 for some ¢; it follows from (i) that x(pc)*=xpis*
=0, proving that R(p) <R(po). Likewise we see that R(s) <R(po), proving
that R(p) ®R(c) <R(po).

Since K((p0)?) =K(1) =0 is certainly part of R(p) ®R(c), we may make
the induction hypothesis that K((po)?), for positive %, is part of R(p) ® R(s).
If x is in K((po)?), then xpo is in K((po)*?); and we infer from the induction
hypothesis the existence of elements x’ and x’’ in R(p) and R(c) respectively
such that xpe=x"'+4x''. We infer from (iv) the existence of an element ¥ in
R(p) such that x’ =yo; and there exists one and only one element z such that
xp=y+2. Since x’’ is in R(c¢), there exists a positive integer j such that
x''07=0. Hence

yoitl = #'oi = &'i + &''0i = (&' + &”)o! = xpoit! = yoitl 4 zgi*

or z0it'=0. Thus z belongs to R(¢). Since ¥ belongs to R(p), we have shown
that xp =y 2 belongs to R(p) ® R(s); likewise we see that xo is in R(p) ® R(s).
Consequently x=xp+x0 is in R(p) ®R(s), proving that K((pc)?) SR (p)
@ R(s). Since R(po) is the compositum of all the K((po)?), it follows that
R(po) =R(p) ®R(s), completing the proof of (ii).

We infer from (ii) or (v) that K(p)\R(c) <R(p)N\R(c)=0. Hence we
may deduce from (iv) that p induces an automorphism in R(¢); that ¢ induces
an automorphism in R(p) is seen likewise, completing the proof.

LeEMMA 3. If a, B and 8, € are pairs of complementary decomposition endo-
morphisms of the M-loop L, and if adoea possesses one and only complement C,
then there exists one and only one direct decomposition Lao=U@ V such that:

(a) V=R(aea);

(b) an automorphism is induced in U by aea and in V by ada,
and we have U= C®[LaNR(ada)], V=LaNR(aec).

Proof. A. We show first that U= C® [LaNR(ada)], V =LaNR(aex) con-
stitute a direct decomposition of L, satisfying (a) and (b).

It is clear that U and V are part of La and that V < R(aec).

Since adaewx is, by §2, Lemma 2, a centralizing endomorphism of L, its
complement C is part of the M-center of L, and we have

L = R(adaea) @ C.



74 REINHOLD BAER [July

Since K(a) is part of R(aba), R(xeéa) and R(adexr), and since L=La
D K(a), it follows from §3, Lemma 1 that

R(ada) = K(a) ® [La N R(ada)],
R(aea) = K(a) ® [La M R(aea)],
R(odaea) = K(a) ® [La M Radaea)];
and we note furthermore the often used fact that the second term is always
the radical of the endomorphism induced in Lea.

The identity is induced in La by a=ada+aex. Hence it follows from
Lemma 2 and L=K(a) ®La that

(ada)(cea) = (aea)(ada),
La N R(adaea) = [La M R(aba)] & [La M R(ae)],
and an automorphism is induced in LaMNR(ada) by aex and in LaMNR(aex)

by ada.
We infer first that

R(adaex) = K(a) ® [La N R(adaea)]
= K(a) ® [LaM R(ada)] ® [La M R(aea)]
= R(aba) ® [LaN R(aea)] = [La M R(ada)] & R(cea).
Since ada maps R(ada) into itself and induces an automorphism in
LaNR(aea), it follows that ada induces an endomorphism in R(adaec);

that aé induces an endomorphism in R(adaea) is seen likewise. Furthermore
we have

L = R(abdaea) ® C = K(o) ® [La N R(ada)] ® [La M R(aea)] & C.

The three last summands are part of La, since C= Cadaea; hence it follows
from L =K (o) ® La and §3, Lemma 1 that(!!)

La=C® [LaN R(eda)] & [LaMN R(aea)] = U @ V,

and we note that ada induces an automorphism in V.

Suppose now that w is an element in. C such that waea is in R(adaex).
Since ada has been shown to map R(adaex) into itself, it follows that
w(oea) (ador) =w(ada) (aea) =wadaea is in R(adaea). Thus it follows from ele-
mentary properties of the radical that w itself is in R(adcex). Hence w=0
as an element in CNR(adaea) =0. Consequently

Caea M R(adaea) = 0.

Since both ada and aea map R(adaea) into itself, they induce both endomor-

() Kotinek (1] and Kurosh [2, 3] have based their discussion on a three term decomposi-
tion of La very similar to this one,
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phisms in L/R(adcex). But their product adaex induces an automorphism in
C and therefore in L/R(adaex). Hence each of the factors ada and aex in-
duces an automorphism in L/R(adaea). This implies in particular that every
coset of L/R(adaea) contains one (and only one) element in Caea. Since
finally

Caea(adaea) = Claea)(ada)(aea) = Cladaea)(aca) = Caea,

we have shown that Caea is a complement of adaea. But abdaea possesses
only one complement, proving that

C = Caex

(and C = Cada may be shown likewise).

From R(aea) £ R(adaea) we infer now that aea induces an automorphism
in C. Since aex induces an automorphism in LaMNR(ada), it follows that aea
induces an automorphism in U; thus we have shown that U and V meetall
the requirements.

B. Consider now a direct decomposition La=U’@® V', meecting the re-
quirements (a) and (b). It follows from (a) that V' £ LaMR(«aex) = V; hence
it follows from 3, Lemma 1 and La=U'@® V'’ that V=V'@®(U’'NV). Since
aea induces, by (b), an automorphism in U’ and, by (a), a nil endomorphism
in V, it follows that U'N\V=0o0r V=V".

Since aea induces an automorphism in U’, and since a =ada+aex leaves
invariant every element in U’=<La, it follows that eda maps U’ into itself.
If x is an element in LaNR(ada) SLa=U’® V', then there exist elements u
and v in U’ and V' respectively such that x=u+v, and there exists an in-
teger ¢ such that

0 = x(ada)! = u(ada)t + v(ada)t.

Since ada has just been shown to map U’ into itself, and since ada induces an
automorphism in V’, the elements #(ada)? and v(ada)® belong to U’ and V'
respectively. Since U'NV’'=0, we have 0 =u(ada)’=v(ada)’. Since ada in-
duces an automorphism in V’, this implies v =0so that x =« isin U’. Thus we
have shown that LaNR(ada) < U’.

We have shown before that La= [LaﬂR(aaa) ]® [LaNR(aea) @B C.
Hence we may infer from 3, Lemma 1, that

U' = [LaN R(ada)] & [U' N (C @ [LaM R(aea)])]
= [LaN R(ada)] ® [U'N(C V)]
and hence
L=Ka@La=K@dU V' =KoVl
= K(a) ® [La N R(aea)] ® [LaM R(ada)] © [U'N(C & V)]
= R(adaea) ® [U' N (C D V)].



76 REINHOLD BAER [July

Since aea maps into itself V, U’, and C, it maps U'/N(C® V) into itself;
the same holds of ada, since a =ada+aea leaves invariant each of the ele-
ments in U'N(C® V). Thus this subloop is mapped into itself by adaea, and
is consequently a complement of adaea. However, adaea possesses but one
complement, proving that C= U'N(C@® V), and that therefore

U = [LaN R(ada)] ® [U'N(C & V)] = [LaN R(ada)] ® C = U,

completing the proof.

REMARK. It is clear that this lemma may be used whenever the splitting
hypothesis is satisfied by the M-loop L under consideration. It may be of in-
terest to note that this will be the only(*?) explicit use that we are going to
make of the splitting hypothesis. Instead we shall only use the present lemma.

COROLLARY. If the splitting hypothesis is satisfied by the M-loop L, if o, B
and 8, € are pairs of complementary decomposition endomorphisms of L, and if
S is a direct summand of La such that ada and (therefore) aea induce endomor-
phisms in S, then there exists a direct decomposition S=U@V such that:

(a) V=R(aea);

(b) An automorphism is induced by aea in U and by ada in V.

Proof. La=S®T, since S is a direct summand of La. Hence there exists
one and only one decomposition endomorphism ¢ of L such that Le=S and
K(0) =T ® K(c). We infer from §3, Lemma 4, that o =ca=0. We infer from
Lemma 3 the existence of one and only one direct decomposition S=U® V
such that V<R(ces) and such that an automorphism is induced in U by
geo and in V by odo. If x is an element in S, then xaex and xada are elements
in S. Hence x, xada, and xaex are left invariant by ¢; thus it follows that
xado=x0adar =x0d0 and xaea =xcaeas =xceo. Hence (a) and (b) are satis-
fied by U and V, completing the proof.

5. The main theorems. The following proposition will prove useful.

LEMMA. If o, B and 6, € are pairs of decomposition endomorphisms of the
M-loop L, and if the direct decompositions

d La=A"®4A", Lp=B @ B’", Li=D" ®&D", Le=E & E"
have the properties

o induces an isomorphism of D' upon A’ and of E"” upon A",

B induces an isomorphism of E' upon B’ and of D'’ upon B",

8 induces an isomorphism of A’ upon D' and of B" upon D",

¢ induces an isomorphism of B’ uwpon E' and of A" wuton I’

o)

then they satisfy the equations:

(12) With the exception of the proof of 6, Theorem 2.
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Lo ® B =La® E, La ® B"” = La & D",
IppA'=1Ig®D, LB®A"=LB®E,
L @ E'=Ls & B, Ls @ E'=Ls & A",
Le @D =Le & 4, Le ® D' =Le & B".

(e)

Proof. Since Sef induces an automorphism in' B’, it follows from §3, Corol-
lary 2, that L=La®B’e®B’'=La®E’®B’’; this implies in particular that
0=LaNE’. Itis clear that E‘a S La®E’ and hence B’'=E'‘S<La®E’. Since
an automorphism is induced in B’’ by 888, it follows from §3, Corollary 2,
that L=La®B'@®B"' =La®B'®B''6=La®B’'®D’’. Hence it follows from
§3, Lemma 1 and La® B’ < La® E’ that

La® E = (La® B') ® [(La ® E) N\ D"].

If x is an element in LaN(E’'@®D’’), then x8=0 and there exist elements
vy and z in E’ and D’/ respectively such that x =y-+2. Hence 0 =y 28 where
98 is in E'8=B’ and where 28 belongs to D’’8=B’’. Since B’N\B’’' =0, it
follows that y8=28=0. Hence y is in the cross cut of Lo and E’ and z is in
the cross cut of La and D'/, and both these cross cuts are 0. Thus 0 =y =z=x,
proving that LaN(E’@®D’") =0. The compositum of La and E’, D"’ is there-
fore their direct sum, implying that D"’N\(La®E’) =0. Hence La®B’' =L«
@ E’; the other equations (e) may be proven ina like fashion.

SPECIAL REFINEMENT THEOREM. If the splitting hypothesis is satisfied by
the M-loop L, and if L=A®B=D@®E, then there exist direct decompositions

A=A4"® 4", B=B & B, D=D & D", E=F o E"”
such that
A" ®B =B ©D =D ®©@FE =FE @4,
AII e D/I = DII $ EII = EII @ BII = BII @ AII.
Proof. Denote by «, 8 and 9, € the pairs of complementary decomposition
endomorphisms such that La=A4, LB=B, L§=D and Le=E. Then we infer

from 4, Lemma 3, the existence of uniquely determined M-subloops 4’, 4"’
and D’, D'’ such that

A=4"8 4", D=D oD
4" £ R(ada), D" £ R(dad),

and an automorphism is induced in 4’ by ada, in 4’’ by aea, in D’ by éa:d
and in D’/ by é86.
We define

B'=BN D & E), B = D"B, E =EN(A'"® B), E'"=A4"e

Since 886 induces an automorphism in D’’, and since aex induces an auto-
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morphism in 4/, it follows from §3, Corollary 2, that
L=A0A"®B=4A"0A"<®B=A"®E'®B
™ =DOD'"®OE=DO®D'B®E=D ®B'®E.
Since B'' £B and E’ £E, we deduce from (1) and §3, Lemma 1, that
B=B ®B'S E=EFE ®E".

Our first object is to prove that the decompositions of 4, B, D, and E,
thus obtained, satisfy the conditions (i) of the preceding lemma.

Since 886 induces an automorphism in D'/, it is clear that 8 induces an
isomorphism of D'’ upon B’/ and that & induces an isomorphism of B’/ upon
D', and since aex induces an automorphism in 4’/, an isomorphism of 4"’
upon E’’ is induced by € and an isomorphism of E’’ upon 4’’ is induced by a.

Since ada induces an automorphism in 4’, we infer from §3, Corollary 2,
that L=A'@A""®B=A'6DA’' ®B. Since 4’4 is thus a direct summand of
L and part of D, we deduce from §3, Lemma 1, that

(2) D=As® [DN (4" & B)].

If x is an element in 4’8 such that x6a6 =0, then there exists an element
y in A’ such that x =y and such that 0 =y§(dad). This implies 0 =7y(dad)c
=yadada=y(ada)?. But ada induces an automorphism in 4’, proving that
y=0. Hence x =0 too. Furthermore 4'(da0) =A'(adx) 6 =A"'8, proving that

(2" dad induces an automorphism in A'6.

If x is an element in DN\(A'' @ B), then x =x6 and there exist elements u
and v in A’ and in B respectively such that x=#-+4v. Hence x6ad=xad
= (u+v)ad = (ua+va)d=ud. Since u belongs to A"’ < R(ada), there exists an
integer 4 such that u(ada)?=0. Consequently x(8ad)*+' =ud(dad)* =u(adar)s
=0, proving that x is in R(dad) and that therefore
2 DN (A” & B) < R(bad).

We infer from (2), (2’/) and §3, Lemma 1, that

DN R@ad) = [DN (A" & B)] & [D N R(3ad) N A'5].
Since 8aé induces a nil endomorphism in R(éad) and, by (2’), an automor-

phism in 4’8, it follows that R(dad)MNA’'6=0. Hence DNR(éad)=D
N(A" ®B); it follows from §4, Lemma 3 (or 2) that

2" an automorphism is induced in D M (4" @ B) by 8gs.

The decomposition (2) of D meets therefore the requirements which deter-
mined, by §4, Lemma 3, uniquely the decomposition D=D'®D"’. Thus it

follows that
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(3) D' =4% D'=DN (4" & B);

and likewise we see that

3" A’ = D'a, A" =AN (D" ® E).

Since ada induces an automorphism in 4’ and éad in D’, it follows from
(3”) and (3’’) that « induces an isomerphism of D’ upon A’ and that § in-
duces an isomorphism of 4’ upon D’.

If x is an element in E’, then x =x¢, 0=x0 and there exist elements y
and z in A’ and B respectively such that x =y-+2. Hence 0 =y6+24, showing
that 26 and y6 belong to 4’6=D’, by (3’). Since z=2¢+26 belongs to B, we
have shown that z belongs to BN(E®D’). From x3=y8+26=2 we infer now
that E’‘B<B’=BN(E®D’). If in particular 0 =x8 =z, then x =y belongs to
the cross cut of E and A’. Since ade induces an automorphism in 4’, we mfer
now that xada =x6a =0 implies x =0; and thus we have shown:

4" B induces an isomorphism of E’ into B’;
and one verifies likewise that
4" ¢ induces an isomorphism of B’ into E’.

It follows in particular from (4’) and (4’’) that ee induces an isomorphism
of E’ into E’. Since € leaves invariant every element in E’<E, and since
e=cae+€Be, it follows that eaxe too maps E’ into itself. Since E’ is a direct
summand of E, we infer now from §4, corollary, the existence of a direct de-
composition E' = U® V such that ¥V < R(ef¢) and such that an automorphism
is induced in U by efe and in V by eaxe. Thus U= UeBe < E’efe, and it follows
from §3, Lemma 1, that E'eBe= U@ (VN E’eB¢). But e8¢ induces a nil endo-
morphism in V and an isomorphism in E’, and hence in E’efe<E’. Hence
VNE’eBe=0 or U=E’eBe. An automorphism is therefore induced by e8¢ in
E’efe. Since eS¢ induces an isomorphism of E’ upon E’e8e < E’, it follows now
that eBe induces an automorphism in E’. Now we deduce from (4’) and (4’’)
that

E' = E'eBe = E'Be < B'e £ E' or E' = Blg

this shows in conjunction with (4’’) that e induces an isomorphism of B’
upon E’. That  induces an isomorphism of E’ upon B’ may be shown like-
wise. This completes the proof of the fact that our decompositions of 4, B, D,
E meet the requirements (i) of the preceding lemma. Consequently they
satisfy the equations (e) of that same lemma.

It follows from (e) that P=B@®A'=B®D’'and Q=E@A’'=E®D’. Then
BNPNQ=BNQ=BN(E®D')=B’ and ENPNQ=ENP=EN(B®A4’)
=E’. Since'A’ and D’ are both direct summands of P and Q, we infer from §3,
Lemma 1 that
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PNQ=A'"®@BNPNQ) =4'® B
=A®@ENPNQ =4'"0E
=D®BNPNQ =D& B
=D®(ENPNQ =D & E,
proving the first set of desired equations.
It follows from (e) that H=B®A''=B®E’' and that K=D®A4"
=D®E'. Then DNHNK=DN\H=DN\(B®A'')=D'"" by (3’). Since E'’

and 4’/ are both direct summands of H and of K, it follows from §3, Lemma 1
that

HNK=A"® HNKND) =A4" & D"
=E'®@(HNKND)=E'e®D".

It follows from (e) that S=E®D""=E®B'' and that T=A4A&D"
=A@®B'. Then ANSNT =ANS=AN(E®D'")=A"" by (3''). Since B’
and D'’ are direct summands of .S and of T, it follows from §3, Lemma 1, that

SNT=B"®&®(ANSNT)=B"®d A"
=D"®ANSNT)=D"& A4".
Thus we have shown that B""®A4''=A""@®&D''=D’'@®E'’. 1t is clear that

E’’ and B’/ are both contained in this M-subloop of L. Hence we infer from
(e) that

El @ (E" @DII) - E@DH — E@ BII = El @ (Ell @ B"),

and from E""®B''SE""®D’’ and §3, Lemma 1, that E'"®B’'=E'"®D",
completing the proof.
REMARK 1. If we let, in the notation of the theorem,

LI =A/ @BI=BI @DI=DI ®E1=El ®AI,
LII=AII®DII=DII®EH=EIIeBII=BII®AN

then L=L'®L’; these decompositions constitute refinements of the original
decomposition which meet an exchange requirement that is much stronger
than all the other exchange conditions that we are going to discuss.

REMARK 2. It is an immediate consequence of §2, Corollary 2, that 4 and
D', B’ and E’, A’ and E'’, B’ and D"’ are center isomorphic direct sum-
mands of L.

DEFINITION 1. The permutation: i—1* of the integers from 1 to n effects an
exchange isomorphy of the direct decomposition L=A(1)® - - - ®A(n) upon
the direct decomposition L=B(1)® - - - ®B(n) of the M-loop L, if

(5.E) L=4A1)® - - ®AG—-1) @ B(E*) ©AGE+1) @ -+ © A(n)

for every 1.
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The term “exchange isomorphy” ought to be used with some care, since
products and inverses of exchange isomorphies need not be exchange iso-
morphies. Note the center isomorphy of 4 (z) and B(s*).

GENERAL REFINEMENT THEOREM. If the splitting hypothesis is satisfied by
the M-loop L, then any two direct decompositions of L possess exchangeisomorphic
refinements.

Here we term as usual the direct decomposition (U) of L a refinement of
the direct decomposition (V) of L if every component of (V) is the direct
sum of suitable components of (U).

The general refinement theorem will be deduced from the special refine-
ment theorem by purely structural arguments. It will be seen that the con-
tention of the general refinement theorem is true whenever the contention of
the special refinement theorem is valid for every direct summand.

The proof of our theorem will be effected by a double induction. In order
to do so, it is necessary to prove a somewhat stronger theorem which will be
useful in later applications, namely the following proposition.

(T.m, n) If the splitting hypothesis is satisfied by the M-loop L if
L=4A1)® --- ®A(m)=B(1)® - - - ®B(n),
then there exist direct decompositions
A@@) = A, 1) ® - - - @ A(4, m), B(j) = B(j,1) ® - - - & B(j, m)

such that L is, for every t=1, - - -, m and for every set J of integers between 1
and n, the direct sum of the A (k) for k1, the A(3, j) for j in J, and the B(j,1)
for j not in J.

(T .m, n) asserts the existence of an exchange isomorphy of the direct
decomposition into the 4 (4, j) upon the direct decomposition-into the B(j,
1) which permits us to substitute (comparatively freely) B(j, ¢) for 4 (3, j).

Proof of (T.2, n). Since (T.2, 2) is nothing but a weaker form of the spe-
cial refinement theorem, we may make the induction hypothesis that (T.2,
n—1) is valid in order to prove (T.2, n).

Assume that L=D®E=4A(1)® --- ®A(n) and let 4A=41)D - - -
®A(n—1), B=A(n). Then L=4A ®B=D®E; we infer from the special re-
finement theorem the existence of direct decompositions

)] A=A"®A4"”, B=B" ®B'", D=D &®D'", E=E & E"
such that

L,=A,®B’=B,®D’=D’®E,=E,®A,,

LII — AII @ DII = DII @ EII . Ell e BII - BII @ AII.
Clearly L=L'®L".

@
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Itis a consequence of §4, Lemma 1, that the splitting hypothesis is satisfied
by every direct summand of the M-loop L. Thus we may apply (T.2, n—1)
upon the direct decompositions 4 =4'®A4""=A4(1)® - - - PA(n—1) of the
direct summand 4 of L. Consequently there exist direct decompositions
A@)=A'1)BA" (7)) fori<n, A'=U1)® --- ®Un—-1),4"=V(1)® - - -
@ V(n—1), meeting the following requirements:

(a’) If Jis a set of numbers between 1 and #—1, then 4 is the direct sum
of 4’, the V() for jin J, and the 4''(j) for j not in J.

(@’’) If J is a set of integers between 1 and #n—1, then 4 is the direct
sum of 4/, the U(§) for j in J, and the 4'(j) for j not in J.

Let D(4) =D'MN(E’'® U(s)) for i <n. Then it follows from E' @A’ =E'®D’,
A'=U1)® - -- ®U(m—1), and from 3, Lemma 2, that D'=D(1)® - - -
@®D(n—1)and E'® U(z) =E'®D(3).

Likewise we let E(¢) =E'"N\(D"'® V(1)) and find that E"'=E(1)&® - - -
@E(n—1)and D" ® V(i) =D"' ®E(3).

Finally we let B'=A4"'(n), B'’=A’(n), D''=D(n), E'=E(n). Then we
have A()=A'(1) ®A''(3) foreveryi=1, - - - ,nmand D=D(1)® - - - ®D(n),
E=E(1)® - -+ ®E(n). In order to show that these direct decompositions
meet all the requirements of (T.2, n) we have to show the validity of the
following two contentions.

(d) If Jis a set of integers between 1 and #, then L is the direct sum of D,
the E(j) for jin J, and the 4’/(j) for j not in J.

(e) If Jis a set of integers between 1 and #, then L is the direct sum of E,
the D(j) for j in J, and the A’(j) for j not in J.

For reasons of symmetry it suffices to verify one of these properties, say
(d). We distinguish two cases.

Case 1. n does belong to J.

Then we may assume without loss in generality that J consists of # and
the integers 1, 2, - - -, ¢ for some ¢ <#n. Then

L=D®E=D®E1)®: -+ ® E(n)
=L'®D'"®E(1)® -+ ®En—1) (since L'=D"@ E =D & E(n))
=L"®eD'®dV(1)®: -+ ®V(n—1) (since D’ @ E(j) =D" & V(j)
for j < n)
=L'eD'eoVQ)y®:---@VEH ®A"G+1)B--- DA"(n—1)
(because of (¢’) and L' = A’ & B')
=L'®D'"®EN)®---OEGHOAE+1)D - ®A4"(n—1)
(as before)
=DOEQ1)D---DEG)D®A"G+1)D--- ®A"(n—1) & E(n),

as we claimed.
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Case 2. n does not belong to J. Then we may assume without loss in gen-
erality that J consists of the integers 1, 2, - - -, ¢ for some ¢ <#n. From what
we showed under Case 1 it follows that

L=D@®E1S® - @EH)HSA'G+1)D - ®4"(n—1) & E(n)
=L®@D'®@EN)®--- EH)QA(I+1)® - - ©4"(n—1)
=DOB O®D'®EN)S® - QEG)SA'(i+1)D - A" (n—1)
=DO®E1S®---QEH) QA"+ 1) - ©4"(n—1) & 4"(n),

completing the verification of (d).

Thus (T.2, n) is a consequence of (T.2, n—1), completing the inductive
proof of (T.2, n) for every n.

Proof of (T.m, n). Since we have already verified (T.2, n) for every #,
we may make the induction hypothesis of the validity of (T.m—1, n) in
order to prove (T.m, n).

Let L=A(1)® - - - ®A(m)=B(1)® - - - ®@B(n)andputD=4(1)& - - -
®A(m—1), E=A(m). Applying (T.2, n) upon the direct decompositions
L=D®E=B(1)® - - - ®B(n) we obtain direct decompositions B(z) =B’(7)
@®B''(1),D=D(1)® - - - ®D(n),E=E(1)® - - - ® E(n), meeting the follow-
ing requirements.

(d) If Jis a set of integers between 1 and #, then L is the direct sum of D,
the E(j) for j in J, and the B'/(j) for j not in J.

(e) If Jis a set of integers between L and #n, then L is the direct sum of E,
the D(j) for jin J, and the B'(j) for j not in J.

From (e) we infer in particular that

(f) L=E®B’'(1)® - - - ®B'(n),
and that is all we shall use of property (e).

Let V(2) =DN(E<B’(3)). Then it follows from L=E®D, (f) and §3,
Lemma 2, that D=V(1)® - - - ®V(n), E®B’(:) =E® V(4). Since D is a di-
rect summand of L, the splitting hypothesis is satisfied by D. Thus we may
apply the induction hypothesis (T.m—1, #) upon the direct decompositions

D=4A1)® - - @Am—-1)=VA) D - & V(n).
Consequently there exist direct decompositions

with the property:

(g) If 0<i<m, and if J is a set of integers between 1 and #, then D is the
direct sum of the A(j) for j=1, the A(4, k) for k in J, and the V(k, 1) for k
not in J.

Let B(¢, jy=B'(()MN(E® V (s, j)). Then we infer from §3, Lemma 2,
E®B'(1)=E®V(E) and V@) =V(, 1)® - - - ®V(i, m—1) that



84 REINHOLD BAER [July

B'(3) = B(3,1) ® - - - & B(i,m — 1), E® V(i j) = E ® B(3, 7).
Finally we let B'/(¢) =B(¢, m) and E(z) =A(m, 1). Then it is clear that

A() = A(G, 1) ® -+ ® A(i,n), B(j) = B(, 1) ® - - - ® B(j, m)
fori=1,...,mandj=1, - - -, n. In order to show that these direct decom-
positions have the property enunciated in (T .m, n), we distinguish two cases.

Case 1. 1 <m. We may assume without loss in generality that J is the set
of integers 1, 2, - - -, k for some k<n, and that 2=1. Then

L=41)® - @Am)=A1) D --- ®Am—1) D E
=A4(1,1)® - - - DAL, n)PAQR)D --- DAm— 1) ® E
'—'A(l,l)@---@A(l,k)@V(k-l-l,l)@---@V(ﬂ,l)

QAQ) D --- DAm—1) ®E (because of (g))
=A(1v1)®‘°' @A(Lk)$B(k+1,1)@“‘ @B(nvl)QE
A2 D -+ ®A(m — 1) (since E ® V(4, 1) = E ® B(j, 1))

=A(1,1)@~--@A(l,k)@B(k+1,l)@°-~@B(‘ﬂ,l)
QAQ2)® - ©A(m — 1) ® A(m),

as we claimed.
Case 2. 1=m. Without loss in generality we may assume that J consists
of the integers from 1 to % for some 2<#n. Then

L=A4A1)® --- ® A(m) =D & A(m)
=D®Am, 1) ®--- ®A(m,n) =DSE1) D --- ® E(n)
=DOE1)®:---PEkI @B (k+1)D--- @ B'(n) (because of (d))
=41 D - @ Am —1) D Am, 1) D --- ® A(m, k)
® Bk+1,m) @ -+ & B(n, m),

completing the proof of the fact that (T.m, %) is a consequence of (T.m—1;,
n). Thus (T .m, n) is true for every m and %, as we claimed.

DEFINITION 2. The permutation i—i* of the integers from 1 to n effects a cen-
ter isomorphy of the direct decomposition L=A(1)® - - - ®A(n) upon the direct
decomposition L=B(1)® - - - ®@B(n) of the M-loop L, if A() and B(i*) are
center isomorphic(*®) M-subloops of L (for every i.)

ReMARK 1. It is readily seen that products and inverses of center isomor-
phies between direct decompositions are again center isomorphies. The rela-
tion of center isomorphy between direct decompositions is therefore symmetric
and transitive.

REMARK 2. If a center isomorphy of the direct decomposition L=A4(1)

(18) In the sense of §2, definition.
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® --- ®A(n) upon the direct decomposition L=B(1)® - - - &B(n) is
effected by the permutation ¢—4*, then one easily constructs an M-automor-
phism « of L such that 4 (7)a=B(t*) and x =xa modulo Zx(L). Because of
our rather restricted definition of center isomorphy of subloops the converse
of this statement need not be true; see §2, definition.

REMARK 3. It is a fairly immediate consequence of §2, Corollary 2, that
a permutation effects a center isomorphy of two direct decompositions when-
ever it effects an exchange isomorphy. It is important to note that the con-
verse of this statement is not true, as may be seen from the following simple
example. Denote by L the free abelian group of rank 2 and by %, v a basis of L.
Denote by 4, B, D, E the subgroups of L which are generated by %, v, u+v,
and 2%+ 3v respectively. Then L=A®B=A®D=B®D=DOE, but L is
different from A ® E and B@®E. It is readily seen that A ®B and D& B, D& B
and D@ E are exchange isomorphic decompositions of L, but 4 @ B and D@®E
are not exchange isomorphic, though clearly center isomorphic. Thus we have
shown that exchange isomorphy is not transitive and that center isomorphy
does not imply exchange isomorphy.

Applying the preceding remarks upon the general refinement theorem we
find the following corollary.

COROLLARY. If the splitting hypothestis is satisfied by the M-loop L, then any
two direct decompositions of L possess center isomorphic refinements.

6. Center indecomposable loops. A direct summand of an M-loop is abe-
lian if, and only if, it is part of the M-center. This justifies the following termi-
nology.

DEFINITION. The M-loop L is center indecomposable, if 0 is its only abelian
direct summand.

Thus center indecomposable M-loops are not abelian, unless they are 0.

If 7 is a centralizing endomorphism of the center indecomposable M-loop
L, then the complements of 7 are, by §1, Property (c), abelian direct sum-
mands of L. Thus 7 either does not split L or else 0 is its complement. This
proves the equivalence of the following three properties of 7:

(a) 7m possesses one and only one complement;

(b) 7 splits L;

(c) 7 is a nil endomorphism of L.

The splitting hypothesis should be considered and applied in the light of this
remark.

Direct summands of center indecomposable M-loops are center indecom-
posable, since direct summands of direct summands are direct summands.

LeEmMA 1. If the splitting hypothesis is satisfied by the M-loop L, and if L
is the direct sum of center indecomposable M-subloops, then L is center indecom-
posable.
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Proof. Suppose that L is the direct sum of the center indecomposable
M-subloops S(¢), and that 4 is an abelian direct summand of L. Then it
follows from the refinement theorems (§5, corollary) that 4 is the direct sum
of M-subloops 4 (7) such that 4 (¢) is isomorphic to a direct summand of S(z).
Since A (7) is abelian, and since 0 is the only abelian direct summand of S(z),
we have 4(z) =0. Hence 4 =0 as we claimed.

LeEMMA 2. If the M-loop L=A®B 1is center indecomposable, then 0 is the
only direct summand of A which is center isomorphic to an M-subloop of B.

Proof. Denote by «, 3 the pair of complementary decomposition endomor-
phisms of L such that 4 =La and B =Lg. Suppose that S is a direct summand
of A, that p is a product of decomposition endomorphisms of L, and that p
induces an isomorphism of S into B. Then apf induces the same isomorphism
of S into B as p. But it follows from 2, Lemma 2, that apf is a centralizing
endomorphism of L. Hence Sp=Sapf is abelian. Since S and Sp are isomor-
phic, Sis an abelian direct summand of the center indecomposable M-loop L.
Thus S=0, as we intended to show.

Remark. We proved a little more than we stated in Lemma 2, namely that
0 s the only direct summand of A which is mapped isomorphically into B by
a product of decomposition endomorphisms.

THEOREM 1. If the splitting hypothesis is satisfied by the center indecompos-
able M-loop L, and if an exchange isomorphy of the direct decomposition
L=A)® - - - ®A(n) upon the direct decomposition L=B(1)® - - - @B(n)
is effected by the permutation i—1*, then this exchange isomorphy has the follow-
ing property:

(6.E) If J is a set of integers between 1 and n, then L is the direct sum of
the B(j*) for j in J and the A (j) for j not in J.

Proof. The contention (6.E) is certainly true whenever J consists of just
one integer (see 5, Definition 1). Hence we may make the induction hypothe-
sis that (6.E) is true whenever J consists of less than 7 integers. If J consists
of ¢ integers, then we may assume withoot loss in generality that J is the set
of integers 1, 2, - - -, 4. Applying the induction hypothesis on the set of in-
tegers between 1 and 7—1 we find
(1) L=B(1* & - - @B(E—-DNBAH) ©AGE+1) O -+ & An);
and applying the Property (5.E) (of 5, Definition 1) we find
2 L=4A1)®---0A4GE—-1)DBE*) SAE+1) D - & A(n).

We apply the general refinement theorem (T.m, #) upon these two direct
decompositions of L. Consequently there exist direct decompositions:

B =U@G, 1S - ® UG, n for j < i,
AGH)=UG D@ --- 8 UG, n) for i < j,
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and
AP =VGHE1N S --- & V(j, n) for j # 1,
B(#*) =V(G, 1) & --- @ V(i, n);

and an exchange isomorphism of the direct decomposition of L into the U’s
upon the direct decomposition of L into the V’s is obtained by mapping
U(h, k) upon V(k, k).

Applying §2, Corollary 2, we find that 4(¢) and B(¢*), U(h, k) and V(k, k)
are center isomorphic. If ¢k, then the direct summand U(z, k) of A(4) is
center isomorphic to the direct summand V(&, 7) of A (%); and it follows from
Lemma 2 that

U(i, k) = V(k, i) =0 for i # k

and hence 4 (¢) = U(4, 3). If k<4, then the direct summand V(4, k) of B(:*) is
center isomorphic to the direct summand U(k, 2) of B(k*) so that V(s k)
=U(k, 1) =0 by Lemma 2. If <k, then the direct summand V (4, k) of B(s*)
is center isomorphic to the direct summand U(k, 7) of A (k). Since B(¢*) and
A(4) are center isomorphic, one verifies furthermore that V(z, k) is center
isomorphic to some direct summand of 4 (). The direct summand U(k, 7)
of A(k) is therefore center isomorphic to a direct summand of 4 (z) for <k,
and it follows from Lemma 2 that U(k, ), and, therefore, V(3, k), is 0. Thus
we have shown that

V(i, k) =0 fori = k

and hence B(:*) = V(3, 2). Since .V(i, 1) may be substituted for U(3, 1), it
follows that

L=B(1*®:---®B((E-—1D"O®BE*")QAGE+1)® --- @ A(n),
completing the proof of the induction and of the theorem.

THEOREM 2. If L=A(1)® - - - ®A(m)=B(1)® - - - ®B(n) are two di-
rect decompositions of the center indecomposable M-loop L, and L satisfies the
splitting hypothesis, then there exist uniquely determined direct decompositions

A("’) = A(i, 1) e A(iv ”)’ B(f) = B(j’ 1) ®--- B(j’ m)
such that

A@ﬁ=Amn[2AmeB@a}

ki

B@0=B@n[23meA@ﬁ}

kg

(6.F)

Reémark. It should be noted that the conditions (6.F) imply the following
facts:
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(1) ;A(kmB(j, i) =0, ;B(k)ﬂA(i,j) = 0;
,,E.A(k) @ B(j, i) = kZA(k) ® A3, 7),

2 13 =13

@ ,;B(k) ® A4, §) = kZZ.B(k) @ B(j, ).

These equations (2) are consequences of §3, Lemma 2.

(3) An exchange isomorphism of the decomposition into the 4 (¢, ) upon
the decomposition into the B(j, ) is obtained by mapping 4 (¢, j) upon B(j, %)
(and conversely), as follows from (2). Thus these direct decompositions are
exchange isomorphic refinements of the original decompositions (4) and (B).

Proof. Denote by «(z), a’(s) and B(z), B’(¢) the pairs of complementary
decomposition endomorphisms of L which satisfy:

La(i) = A(i), La'(d) =2 A(k) = 4'(4),

kyéi

Lg(s) = B(3), LP'(3) = ,“Z{B(k) = B'(k).

Then a’(1) =Ek,“-a(k) and B’(1) =Zk,‘.~/3(k). Furthermore we define:
U(i, ) = A(5) N\ R(a(DB' (Na(d)),  U'(3,7) = A@E) N R(a(9)B(f)a(4)),
V(j, 9) = B(j) N\ REGH@HBG)),  V'(4, 1) = B(G) N REG«(9)B(G)).

These M-subloops have a number of properties. It will usually suffice to state
the one concerning the U’s.

(a.1) AWQ)=UG, HOU'(, j);

(a.2) a@)BG)a@)p’ G a(t) =a(z)B’(j)a(i)B(j)a(s) is a nil endomorphism;

(a.3) an automorphism is induced in U(s, §) by a()B(f)a(d) and in U'(4, j)
by a(9)B’(Ga(s).

Itis a consequence of the splitting hypothesis that a(2)B(j)a(7)’ (f)a(s) is a
nil endomorphism so that in particular 4 (s) =4 (?) R(a(2)B(f)al?)B’ ()a(4)).
Since the identity is induced in A(¢) = La(f) by a(i) = a(t)B(f)a(s):
+a(2)B’(j)a(z), contentions (a) may be deduced from §4, Lemma 2.

(b) If an automorphism is induced. in the M-subloop S of L by a(:)B(f)e(%),
then S U(s, 7).

It follows from our hypothesis that S<La(s) and that therefore
a(2)B'(j)a(f) induces an endomorphism in S. There exists, by (a.2), to every
element s in S an integer k=Ek(s) such that

0 = s[a()B(Na()B (a(D]* = s[a(i)B'()a(s)]*[«()B()a(i) ]*.
Since sla(®)B’(j)a(d) Jt is in S, and since an automorphism is induced in S by
[a(9)B(f)a(s)]*, it follows that 0=s[a(:)8’(f)a(s)]¥, proving S UG, 7).

(c) fA(D)=A@E1)® - - - ®A@E, 1), BG)=B({, 1)@ - - - ®@B(f, m), and
if an exchange isomorphy is effected by mapping A (4, j) upon B(j, i), then
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A@) =UG, j) @2k usd G, k) =AG, ) S UG, ).

Let D= ;A (4, k). Then it follows from Theorem 1 that L is the direct
sum of the A (k) for k1, A (¢, j) and the B(k, 1) for k#j. Thus Dis by §2, Corol-
lary 2, center isomorphic to D*=)_, .;B(k, i). Likewise we see the center iso-
morphy of A(z, ) and B(j, 7).

Let A=U'(s, j), B=U(, j) and E=A(3, j). Then it follows from (a.1)
that 4(7) =A @ B=D @ E. The splitting hypothesis is satisfied by 4 (1), since
A(4) is a direct summand of L. Hence we infer from the special refinement
theorem the existence of decompositions

(C') A=A"®A", B=B ®B', D=D &D" E=E®®&E"
such that

AI @BI=B’ ®D1=DI eEl=El eA/’

AII @ DII = D// e EII = EII e BII = BII @ AII.

It follows from (c¢’’) and §2, Corollary 2, that 4/’ and E’’, B’’ and D'’ are cen-
ter isomorphic. The direct summand E’’ of 4 (¢, j) is center isomorphic to a di-
rect summand of B(j, 7) and therefore to a direct summand of B(j). It follows
from (a.3) that an isomorphism is induced in 4 by B’(j); and B’(j) induces
therefore an isomorphism of 4’/ into B’(j). We deduce from Lemma 2 (and
the remark appended to it) that 4’/ and E’/ are 0. We noted that D is center
isomorphic to D* and D* is a direct summand of B’(j). Hence D'’ is center
isomorphic to a direct summand of B’(j). It follows from (a.3) that an iso-
morphism is induced in B by B(j); and () induces therefore an isomorphism
of B’ into B(j). Since B’' and D'’ are center isomorphic, it follows, as before,
that B’/ and D'’ are 0. Now it follows from the equations (c’) and (c’') that

A®DB=B®D=DOE=E® A,

(<)

proving (c). )

(d) If the decomposition of A (i) into the A (4, j) and of B(j) into the B(j,5)
meet the requirements (6.F), then A (4, j) = U(4, j) and B(j, 1) = V(j, 9).

Once we have proved this contention (d), we have verified the unique-
ness claim of our theerem.

It is readily deduced from (6.F) that «(7) induces an isomorphism of
B(j, %) upon A(%, j), and that B(j) induces an isomorphism of 4 (¢, j) upon
B(j, 7). Thus an automorphism is induced in A (%, j) by a(?)8(j)a(2); and hence
it follows from (b) that A (4, j) < U(4, j). It follows from (a.1) and (c) that
Ui, 7)@ U’ (4, j) =A@, 7)® U’'(3, 7). Hence it follows from §3, Lemma 1, that
A, j)=U(@, j); B(f, 1) = V{j, 1) is shown likewise.

(e) U, 5)B() =V(j, ) and V(j, 9)a(s) = UG, j).

From (a.3)—and a like statement referring to the V’s—we infer that an
automorphism is induced in U(s, j) by a(#)B(j)a(?) and in V(j, ¢) by
a(7)B(2)a(j). Now one deduces readily that an automorphism is induced in
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U(4, /)B() by B(j)a(3)8(j) and in V(j, £)a(z) by a(i)B(j)a(s). We infer from (b)
—and a like statement concerning the V's—that U(4, 7)8(j) = V(j, %) and
V(j, 1)a(s) £ U(4, j); the equations (e) are now readily deduced from (a.3).

(f) If the A(4, j) and B(j, 1) meet the requirements of (c), then L is the direct
sum of A'(3), V(j, 1) and. D ;A @, k).

It is a consequence of (c) that L is the direct sum of 4'(z), U(4, j) and
> kA, k). Hence it follows from (a.3) and 3, Corollary 2, that L is the
direct sum of A’(4), D1 xA®, k), and UG, 7)B() =V(j, i), by (e), as we
claimed.

It is a consequence of §5, (T.m, n) that there exist 4 (3, j) and B(j, 7),
meeting the requirements of (c). Consequently we may choose decompositions
A(4, j) and B(j, 1) which meet the requirements of (c) and which have the
additional property that as many of the 4 (¢, j) and B(j, 7) as possible are
equal to U(s, ) and V{(j, 7) respectively. Then one infers easily from (c) and
(f) that each A (4, j) = U(3, j) and each B(j, 7) = V(j, 1) ; and one infers from (e)
and (a.3) that these decompositions meet the requirement (6.F), completing
the proof.

7. Center indecomposable direct decompositions. If there is given a direct
decomposition of the M-loop L into components which are either abelian or
center indecomposable (in the sense of the preceding section), then we may
form the direct sum A4 of the abelian components and the direct sum J of
the center indecomposable components. Then L=A4 @®J, 4 is abelian, and,
if we assume the validity of the splitting hypothesis, J is center indecompos-
able (by §6, Lemma 1). Thatsuch a decomposition is essentially unique may
be seen from the following proposition.

LeMMA 1. If the splitting hypothesis is satisfied by the M-loop L, if
L=A®B=D®E where A and D are abelian and where B and E are center
indecomposable, then L=A @ E=D @ B.

Proof. We infer from the special refinement theorem (§5) the existence of
decompositions

A—_-A,GBA”, B=B’@B”, D=D/@D", E=E'@E”
such that
A" @B =B @D =D ©@FE =E &4,
AII @ DII = DII @ El/ —_ El/ @ BII —_ BII @ AII.
This implies in particular that A’ and E’/, B’’ and D"’ are center isomorphic.
But 4’ and D'’ are abelian whereas E’’ and B’/ are direct summands of

center indecomposable loops. Hence A’/ =D’'=E’'=B’''=0, and now our
contention is an immediate consequence of the preceding equations.

DEFINITION. The direct decomposition L=A(1)® - - - ®A(n) is center in-
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decomposable, if none of the A(i) possesses an abelian direct summand which is
different from 0 and A (7).

The components of a center indecomposable direct decomposition are
therefore either abelian and indecomposable or center indecomposable (in the
sense of §6, definition).

One verifies readily that every direct decomposition of the M-loop L
possesses a center indecomposable refinement whenever the descending or
the ascending chain condition is satisfied by the M-subgroups of the M-center
of L. Even weaker conditions, like the ascending chain condition for abelian
direct summands, suffice. Somewhat deeper is the following criterion.

LEMMA 2. If the splitting hypothesis is satisfied by the M-loop L, and if there
exists a center indecomposable direct decomposition of L, then every direct de-
composition of L possesses center indecomposable refinements.

Proof. Suppose that (4) is a center indecomposable direct decomposition
of L and that (B) is some direct decomposition of L. There exist by §5, corol-
lary, center isomorphic refinements (4’) and (B’) of (4) and (B) respectively.
(4") is center indecomposable as a refinement of a center indecomposable di-
rect decomposition. Hence (B’) is center indecomposable, since its compo-
nents are isomorphic to the components of (4’).

Lemma 2 and the preceding remarks may serve as a justification for re-
stricting our considerations to center indecomposable direct decompositions.

THEOREM 1. Suppose that the splitting hypothesis is satisfied by the M-loop
L. Then center indecomposable direct decompositions of L are exchange isomor-
phic if, and only if, they are center isomorphic.

Proof. The necessity of our condition is a consequence of §2, Corollary 2.
Suppose now that L=A(1)® -+ - ®A4A(n)=B(1)® - - - ®B(n) are center
isomorphic and center indecomposable direct decompositions. We may as-
sume without loss in generality that:

(i) A(2) and B(z) are center isomorphic for every 7;

(ii) A () and B(z) are abelian for 4 <m and are not abelian for m <7 where
O=m=mn.

We infer from §5, (T.n, n), the existence of decompositions

such that an exchange isomorphy is effected by mapping 4 (¢, j) upon B(j, 7).
Thus A (4, j) and B(j, ©) are center isomorphic.

If ¢<m, then A (%) is abelian and therefore indecomposable. Hence there
exists—assuming that A(¢) #0—one and only one integer 7’ such that
A2, j)=0 for j=1i', A(1)=A(4, ¢'). Since A(z) is abelian, since 4 (3, ') is
center isomorphic to the direct summand B(s’, 1) of B(¢"), and since B(j) for
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m <j does not possess abelian direct summands not equal to 0, it follows that
1’ <m. Hence B(¢’) is abelian and indecomposable, proving that B(z’) = B(¢’, 1)
and B(¢’, j)=0 for j#4¢'. One verifies now readily that:

1—%’ is.a permutation of the integers from 1 to m such that A (¢) =46, i)
and B(¢') =B(¢', 1).

If m <7 and j <m, then A (4, j) is center isomorphic to the direct summand
B(j, ©) of the abelian B(j). But A (%, j) is a direct summand of the center inde-
composable 4 (zZ) whose only abelian direct summand is 0. Thus A4 (z, j) =0.
Likewise we see that B(z, j) =0, if m <7 and j<m.

Suppose now that m <, m <j and ¢7j. Then A (4, j) is center isomorphic
to the direct summand B(j, ) of B(j). But B(j) is, by (Z), center isomorphic
to A(j); and thus we have shown that the direct summand A4 (7, j) of 4(3)
is center isomorphic to a direct summand of A4(j).

It is a consequence of §6, Lemma 1 and (ii), that A(m+1)® - - - ®A(n)
is center indecomposable. Hence it follows from §6, Lemma 2, that 0 is the
only direct summand of A4 (%) for m << which is center isomorphic to a direct
summand of 4 (j) for m <j#4. Thus we have shown that

A(z,7) =0 form < i # j;
and this implies that
B(i,5) =0 form < i # j,
since B(¢, j) and A (j, 1) are center isomorphic. It follows now that
A(@) = A(4,4) and B(3) = B(i, 1) form < 1.

Thus we have shown that the exchange isomorphic refinements A4 (z, j) and
B(j, 1) of (4) and (B) are actually identical with the original decompositions,
proving their exchange isomorphy as we claimed.

Remark. The importance of this theorem stems from the fact that center
isomorphy of direct decompositions is a symmetric and transitive relation
whereas a like claim cannot be made, in general, for exchange isomorphy;
see §5, Remark 3.

THEOREM 2. If the splitting hypothesis is satisfied by the M-loop L, and if the
center indecomposable direct decompositions L=A1)® - - - ®@A(n)=B(1)
@ - - - ®B(n) are center isomorphic, then there exists to every permutation p
of the integers from 1 to n a permutation o of the integers from 1 to n such that

(7E) L=B(1)®---®B() ®@A(GE+ 1)°).® -+ & A(n*)
for every 1.

Remark. This exchange property (7.E) is weaker than (6.E), but stronger
than (5.E).
Proof. We are going to prove by complete induction with respect to ¢ the
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validity of the following proposition.
(p.t) There exist integers 1’ to i’ between 1 and n such that

(0.5,7) L=B1)® ---®BH)QAG+1D)®--- ®A(n)

for j =i,

Since (p.0) is trivially true, we may make the induction hypothesis of the
validity of (p.%) in order to prove (p.241). It is a consequence of §2, Corollary
2, that the direct decompositions (p.%, j) and (p.4,j—1) are center isomorphic.
Hence it follows from the transitivity of center isomorphy that the direct
decomposition (p.4, 2) is center isomorphic to the direct decomposition
L=41)® - -+ ®A(n) and therefore to the direct decomposition L=B(1)
@ .- ®@B(n). We infer from Theorem 1 that the direct decomposition
(p.1, ©) is exchange isomorphic to the direct decomposition (B); and hence
there exists an integer (¢+1)’ such that

L=B(1)®---®B({")@®B(i+1))D®A((G+2)) D - & Aw);

and now it is easy to verify the validity of (p.z+1).

Thus we have in particular (p.n). Consider the direct decomposition
(p.m, n). It shows that the mapping: —4’ is necessarily a permutation of the
integers from 1 to n, completing the proof.

THEOREM 3. If the splitting hypothesis is satisfied by the M-loop L, then
any two direct decompositions of L into indecomposable direct summands are ex-
change isomorphic and meet requirement (7.E)(*4).

This is an almost immediate consequence of the general refinement theo-
rem and of Theorem 2.

Remark. This Theorem 3 invites comparison with the main theorem of
Ore [1]; see his Theorem 18 on p. 591. In this theorem he makes the hypothe-
sis that certain “regular decompositions” do exist. It is not difficult to see
that this condition may be restated as follows: if @ and 8 are decomposition
endomorphisms such that La and LB are indecomposable, then there exist
integers # and m such that L =L(af)"® K((eB)"). It appears that this condi-
tion is a kind of splitting hypothesis, though stronger than the one used by
us. The main advantage of our splitting hypothesis seems to be that it refers
to centralizing endomorphisms only and that we do not have to assume the
existence of decompositions into indecomposable direct summands. See also
§8, Remark 1.

It should be noted that the results of the present section would remain
valid if we substituted for the splitting hypothesis everywhere the assumption
that the contentions of the refinement theorems are valid.

As in §6 it would be possible to attain our ends with a slightly weakened

(1) The contention of this theorem is exactly the same as is found in the presentations of
group theory; see Jacobson [1, p. 12, Theorem 11] or Zassenhaus [1, p. 79, Satz 7 (c) ].
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form of our splitting hypothesis. Remember that this hypothesis asserts the
existence of one and only one complement to every endomorphism of the form
adaea where 8, € is a pair of complementary decomposition endomorphisms
and where « is a decomposition endomorphism. To prove the refinement theo-
rems for center indecomposable direct decompositions we would have to ap-
ply this hypothesis only in case La is either abelian and indecomposable or
not abelian and center indecomposable. The existence of a complement to
adaea assures that either La is abelian and adaex induces an automorphism
in Lo or else adaea is a nil endomorphism; in either case the uniqueness of the
complement is a consequence of its existence.

8. Application of splitting criteria to refinement theorems. Every criterion
assuring the existence of one and only one complement to every centralizing
endomorphism will lead us automatically to a decomposition theorem by ap-
plying this criterion to the refinement theorems of §5 (or to the results of
§§6 and 7), since these criteria imply the validity of the splitting hypothesis.
We are going to use criteria derived elsewhere (Baer [4]); all these criteria
assure what we termed “uniform splitting” and this implies the existence of
one and only one complement. '

Centralizing endomorphisms map L upon M-subgroups of Zx(L). The fol-
lowing three properties of an M-subgroup S of Zy (L) are easily seen to be
equivalent.

(1) There exists a centralizing endomorphism 1 of L such that S=Ly,

(ii) S is an M-homomorphic image of L.

(iii) S s an M-homomorphic image of L 4.

Here L, signifies the M-loop L made abelian, that is, L4=L/G where G is
the “commutator associator subloop”() of L, that is, the uniquely deter-
mined smallest normal M-subloop of L modulo which L is abelian.

DEFINITION 1. The M-subgroup S of Zu(L) is an L-M-subgroup if it satis-
fies the above properties (i) to (iii).

For shortness sake we shall state all the following results in the form:
“The splitting hypothesis is satisfied, if - - - .” The reader ought to remember
that the validity of the splitting hypothesis assures the validity of the con-
tentions of all the refinement theorems of §5, and so on.

THEOREM A. The splitting hypothesis is satisfied by the M-loop L if every
L-M-subgroup S of Zu(L) meets the following requirement.

(A) If s is an element in S and 1 an M-endomorphism of S, then the set of
elements sn, sn?, + - -, sq% - -« 1s finile.

Proof. Consider a centralizing M-endomorphism 7 of L. Then S=L7y is
an L-M-subgroup of Zy(L) and the elements xn**! for x in L are iterated
images of the element x7 in S. It follows from (A) that the set of elements of
the form x7’is for every fixed x in L a finite set. Thus 7 is, in the terminology

(1) See Bruck [1].
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of Baer [4], almost periodical, and such endomorphisms have been shown to
be uniformly splitting. Thus every centralizing endomorphism possesses one
and only one complement, proving the validity of the splitting hypothesis.

Remark. 1f Zy(L) happens to be the additive group of rational numbers
modulo 1 (or some similar group), then condition (A) is satisfied, and the
existence of center indecomposable decompositions of L is assured. But none
of the chain conditions is satisfied by the subgroups of Zx(L). Kurosh [3,
Theorem 3] is readily seen to be a consequence of Theorem A.

The following property has becn considered by various writers; see, for
example, Baer [2]:

(Q) If N is a normal M-subloop of the M-loop H such that H and H/N are
M-isomorphic, then N =0.

Of the various criteria for the validity of () we mention here only the
most trivial one, namely the ascending chain condition for normal M-sub-
loops.

THEOREM B. The splitting hypothesis is satisfied by the M-loop L if every
L-M-subgroup S of Zx(L) meets the following requirement:

(B) Property (Q) and the descending chain condition are satisfied by the
M-subgroups of S.

Proof. In Baer [4] we have shown that the centralizing endomorphism 7
of L splits L uniformly and possesses therefore one and only one complement
if it meets the following two requirements (which we state for brevity’s sake
in an unnecessarily strict form):

(a) If the M-subgroup T of Zy(L) satisfies Tn =T, then there exists an
integer 7 such that Tpi= Ty

(b) If the M-subgroup T of Zy(L) satisfies Tn=T, then there exists an
integer j such that TMK(n?) = TNR(n).

Now consider some centralizing endomorphism 7 of L. Then S=L» is an
L-M-subgroup of Zy(L). If T<Zy(L) and Tn=<T, then T9=<S and the
descending chain Tp* breaks off after a finite number of steps, showing the
validity of (a). If T=T49, then T<S and TN K (n) =0 because of (Q), prov-
ing (b). Thus (a) and (b) are satisfied by 7, proving that 5 possesses one and
only one complement.

This theorem may be dualized. In order to do so we need the following
dual of property (Q).

(S) If U is an M-subloop of the M-loop H whick is M-isomorphic to H,
then H=U.

Of the various criteria for the validity of (S) we mention here only the
most trivial one, namely the descending chain condition for M-subloops of H;
see Baer [2], Becaumont [1], Cohen [1], Kaplansky [1].

THEOREM C. The splitting hypothesis is satisfied by the M-loop L if every
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L-M-subgroup S of Zy(L) meets the following requirement:
(C) Property (S) and the ascending chain condition are satisfied by the M-
subgroups of S.

Proof. Consider a centralizing endomorphism 7 of L. It clearly suffices to
verify the validity of the conditions (a) and (b) stated in the course of the
proof of Theorem B.

Ln=S is an L-M-subgroup of Zy(L). If T is an M-subgroup of Zx (L),
then T = S and the T9MN K (n%) form an ascending chain of M-subgroups of S.
Thus there exists an integer n=n(T) such that

TnnK(n") = e e = TﬂnK(n”‘i’f) = e e e = TnnR(n).

This implies in particular the validity of condition (b). Suppose now that
Tn=T. If x is an element in T9"t'M\K(n), then there exists an element ¢
in T such that tp"t'=x and O0=xn=ip"*2. Thus f7 is an element in
TaNK (g»t') =TyNK(9"), proving that x =in"+t1=0. Hence 0= K(n) Ty},
proving that # induces an isomorphism of T'9»*+! < S into itself. It follows from
Property (S) that Tn»t!'=Ty"t2, proving that (a) too is satisfied by %. This
completes the proof.

Remark 1. Theorems B and C should be compared with Ore [1, p. 594-595,
Theorems 1 and 2]. The main difference consists in the fact that the hy-
potheses of Theorems B and C refer to the M-center only whereas Ore’s con-
ditions refer to the whole structure.

THEOREM D. The splitting hypothesis is satisfied by the M-loop L if every
L-M-subgroup S of Zu(L) meets the following requirements:

(D') The descending chain condition is satisfied by the M-subgroups of S.

(D) If the M-subgroup T of S is a cyclic M-group, then the ascending
chain condition is satisfied by the M-subgroups of T.

Proof. In Baer [4] we have shown that every endomorphism 7 of L which
satisfies Ln S =< Zu(L) splits uniformly provided (D’) and (D’’) are satisfied
by S. From this remark our theorem may be inferred in the usual fashion.

Remark 2. Whether or not condition (D’’) may be omitted without in-
validating Theorem D is still an open question. It is unknown in particular
whether or not the refinement theorems can be deduced from condition (D’)
alone. It is known, however, that (D’) alone does not assure the splitting of
all centralizing endomorphisms of L; but for our purposes we need only the
uniform splitting of very special endomorphisms.

Remark 3. The impossibility of deducing the splitting hypothesis or the
refinement theorems from the ascending chain condition for M-subgroups of
the center is a fact that has been known for a long time; see in this respect
Krull [2] and the very elegant example in Kurosh [3], apart from §5, Re-
mark 3.
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Remark 4. Conditions (D’) and (D’’) are certainly satisfied whenever the
double chain condition is satisfied by the M-subgroups of the L-M-subgroup
S of Zu(L). Thus Theorem 2 of Kurosh [3] is a special case of our refinement
theorems.

DEFINITION 2. If S is an M-subgroup of Zu(L), then E(S) =Eun(S) is the
ring of endomorphisms of the abelian group S which is generated by the identity
and by those endomorphisms of S which are induced in S by the elements in M,
and E*(S) = Ex*(S) is the center of the ring Ex(S).

CoOROLLARY. The splitting hypothesis is satisfied by the M-loop L if every
L-M-subgroup S of Zu(L) meets either of the following requirements:

(D.1) The descending chain condition is satisfied by the M-subgroups of S
and every right ideal in Ex(S) s two-sided.

(D.2) The descending chain condition is satisfied by the E*(S)-subgroups
of S.

Proof. It has been shown in Baer [6] that (D.1) as well as (D.2) (as well
as some similar conditions) implies the conditions (D’) and (D’’) of Theo-
rem D so that the present corollary is a consequence of Theorem D.

Remark 5. If we assume the validity of one of the conditions (B) to (D)
not only for the L-M-subgroups of Zx (L), but for Zy(L) itself, then we are
assured of the existence of center indecomposable refinements to every given
direct decomposition of L. In that case we are not only assured of the validity
of the splitting hypothesis and the refinement theorems of §5, but also of the
results of §7, in particular the stricter form (7.E) of the exchange property.
One sees now that our theorems include as special cases also the strong form
of the theorem of O. Schmidt and the theorem of Kofinek.
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